We propose and demonstrate a method to produce a thin and highly collimated annular beam that propagates similarly to an ideal thin Gaussian ring beam, maintaining its excellent propagation properties. Our optical configuration is composed of a binary axicon -a circular binary phase grating, and a lens, making it robust and well suited for high-power lasers. It has a near-perfect circular profile with a dark center, and its large radius to waist ratio is achieved with high conversion efficiency. The measured profile and propagation are in excellent agreement with a numerical Fourier simulation we perform. Annular beams, characterized by a hollow ring cross section, are useful for a variety of applications, such as optical dipole traps for ultra-cold atoms [1] [2] [3] [4] [5] [6] , hollow optical tweezers for dielectric particles [7, 8] , imaging and super-resolution microscopy [9, 10] , long-ranged atmospheric optical communication [11, 12] and material processing [13, 14] .
l p of radial index p = 0 and azimuthal index l, have a Gaussian-like cylindrical profile with a radius to waist ratio of l/2 [23] . The highest efficiency of converting a Gaussian beam into LG 1 0 by typical extra-cavity techniques is ≈ 80% [19] , but the overlap between a Gaussian beam and LG l 0 decays significantly with l. For a thin LG beam with radius to waist ratio of ≈ 10 it is practically zero [18] .
Many techniques to create annular beams, mostly extra-cavity, involve an axicon [17, [20] [21] [22] [24] [25] [26] [27] , a refractive conical optical element which inflicts a linear radial phase to the refracted light. An axicon ideally transforms a Gaussian beam into a Bessel beam [28] [29] [30] [31] , which opens to a ring with a cylindrical profile of half a 1D Gaussian beam. The main drawback of the axicon is the inherent imperfection of its tip area, which cannot be infinitely polished to a point. The deviation of the output beam from the expected output, which is itself a non-ideal half Gaussian, is stronger for thinner rings requiring a smaller input waist that increases the overlap with the imperfect tip.
In this Letter we discuss the propagation of Gaussian ring beams. We propose and demonstrate a novel method to produce a thin and highly collimated annular beam that propagates as, and even outperforms in a way, an ideal Gaussian ring beam, with a simple optical configuration composed of a diffractive binary axicon, a circular binary phase element, and a lens. Albeit less versatile, the binary axicon is much cheaper and (being a passive element) more robust than spatial light modulators [4, 18, 23] . Furthermore, it is well suited for highpower lasers, displaying damage thresholds higher than those of the typical spatial light modulator by many orders of magnitude. In contrast to LG beams, high radius to waist ratio of ≈ 10 is achieved with high efficiency. As opposed to the output of a refractive axicon, the thin ring created by our setup has a Gaussian profile. It is constructed from combined diffraction orders of the binary axicon, thus ensuring > 80% efficiency even for a binary element. Its Rayleigh range is longer by ≈ 50% than that of an ideal Gaussian ring beam. The measured profile and propagation are in excellent agreement with our numerical Fourier simulation.
A Gaussian ring beam has, at the focal plane, a ring profile of a flat-phase 1D Gaussian beam. To be ideal, it is required to perfectly maintain the Gaussian ring profile along propagation, illustrated in Fig. 1(a) . This requires the radius to waist ratio R/w 0 (hereon defined as hollowness) to be large enough such that the ring curvature is negligible. Fig. 1 (b-c) presents numerical simulations, showing how a beam that starts as a Gaussian ring with hollowness = 2.5 propagates with only a small deviation from an ideal profile, whereas the deviation of a beam that starts with hollowness = 10 is already completely negligible.
The key element in our scheme is a binary axicon, a circular phase grating, that imprints a phase to light that passes through as described in Fig. 2 
, where m is the modulation depth, [...] ≡ f loor(...), r = x 2 + y 2 is the radial coordinate and Λ is the grating period. The surface depth is d(r) = φ(r)k(n − 1), where k = 2π/λ, λ = 780 nm is the laser wavelength and n is the refractive index. In order to eliminate the zeroth order of the produced ring, the diameter of the innermost grating circle is chosen to be a = Λ. The far-field of a radially periodic binary axicon with a plane wave input is expressed analytically as a sum over discrete diffraction orders. First the radial periodicity is exploited to span the input field as a radial trigonometric Fourier series, and only then a cylindrical Fourier transform (Hankel transform) is performed to obtain the scaling and efficiency of the n th diffraction order:
Each n th diffraction order is a ring with an opening angle α n , [illustrated for the 1 st order ring in Fig. 2(b) ], and diffraction efficiency η n . Generally, even orders vanish because of symmetric interference, except for the 0 th order that vanishes only for a proper choice of m. The n th ring is constructed from combined +n and −n local diffraction orders, resulting in η n being exactly twice that of a 1D binary phase grating. For an efficient annular beam, the same value of m = 2 that gives the maximal grating phase difference, ∆φ = π, is required both to cancel the 0 th order and to maximize the 1 st order efficiency in (1b). This yields η 1 = 8/π 2 ≈ 81%, indeed twice the maximal 1 st order efficiency of a 1D binary phase grating, which is ≈ 40.5% [32] .
To collimate the 1 st order ring, the binary axicon is placed at the back focal plane of a f > 0 lens, as illustrated in Fig. 2(b) . The input is a Gaussian beam with waist w 0 . The exterior rays (dashed blue) intersect with the central rays (solid red) at the front focal plane, producing a collimated ring. The waist w at the focal plane can be approximated as the waist w f of the input Gaussian beam after being focused by the lens:
Combining (1a) and (2) and defining R 1 as the radius of the first-order ring yields:
The element used is a surface-relief binary axicon (Holo-Or, custom-made), with Λ ≈ 402 µm and transmission efficiency of ≈ 100%. The remaining configuration parameters are w 0 and f . The input originates from a TEM 00 single-mode fiber of w 0 = 1.1 mm constraining a pure mode, propagates through the binary axicon and is then collimated by a f = 75 mm lens. Fig. 3 (a) presents the measured intensity at the focal plane. It is a near-perfect circular ring surrounded by a weaker ring, translated into straight lines in the polar representation of Fig. 3(b) . The deviation of the radius line from its mean is ≈ 0.1%, and there exists a residual DC component of ∼ 10% of the maximal intensity. This can arise from a small residual wavelength mismatch [33] , and can be totally removed using a spatial filter such as a blackened sphere [2] . Fig. 3(c-d) present the measured radial profile together with a corresponding numerical Fourier simulation, calculated by propagating a flatphase Gaussian input beam through the binary axicon and obtaining its far-field. There is an excellent agreement between the simulation and the measured main lobe of the 1 st order ring. We also observe a weak side lobe, both in our experimental and numerical results. It is part of the 1 st diffraction order, and is related to the singularity at the origin, characterized by the parameter a defined in Fig. 2(a) . We find that only for a = Λ and m = 2 the 0 th order vanishes.
The main lobe in Fig. 3(c) is well fitted by a Gaussian to extract the ring parameters. Its peak radius is 138.4 ± 0.1 µm. To compare with the R 1 ≈ 145 µm obtained from (1a) that corresponds to the complete diffraction order and not only the main lobe, we calcu- late the "center of mass" of the double feature to obtain a radius of 142.3 µm, in full agreement. The waist is w = 14.1±0.1 µm, close to the approximated w f ≈ 17 µm obtained from (2) . This yields hollowness ≈ 9.8, close to the approximated value ≈ 8.6 obtained from (3).
The power in cylindrical coordinates is given by the area below rI(r) in Fig. 3(d) . The center of the beam is extremely dark except for a small 0 th order peak, containing ≈ 0.7% of the main ring energy. The 1 st order diffraction efficiency is measured with a power-meter, as the power when an iris is properly closed around the 1 st order ring, out of the total power. This yielded η 1 = 86 ± 3%, in reasonable agreement with the expected η 1 ≈ 81% from (1b).
Extending the measurement to different z planes enables a construction of the propagation intensity profile, presented in Fig. 4(a) alongside its Fourier simulation in Fig. 4(b) . Excellent agreement is observed in Fig. 4(c) between the measured (black points) and simulated (dotted green) main lobe line of maximal intensity, and waist lines from both sides. We compare with a numerically simulated Gaussian ring beam of the same parameters (dot-dashed blue), and with an ideal Gaussian ring beam (solid red). The measured and simulated radius lines bend more than that of the propagated Gaussian ring. The forward (z > 0) and backward (z < 0) bending angles of the measured radius line are β more interesting, the measured and simulated outward waist lines are almost straight. Fig. 4(c-d) ], z R = 0.80 ± 0.01 mm, due to the fact that the ring main lobe opens inwards similar to a Gaussian, but almost does not open outwards.
In summary, we discussed the propagation of Gaussian ring beams, and demonstrated a novel technique to produce a thin and highly collimated annular beam that propagates as, and even outperforms, an ideal Gaussian ring beam. Our simple optical configuration is robust and well suited for high-power lasers. High radius to waist ratio of hollowness ≈ 10 is achieved with efficiency of 86 ± 3%, twice that of a 1D binary phase grating. Our beam is dark at the center, and the ring has a Gaussian profile.
The measured profile and propagation are in excellent agreement with our numerical Fourier simulation. The main ring lobe opens inwards similar to an ideal 1D Gaussian beam, but almost does not open outwards due to "support" from the weak side lobe similar to Bessel or Airy beams. Thus, its depth of focus is longer by ≈ 50% than that of the fitted ideal Gaussian ring beam. Different values of hollowness can be readily obtained without replacing the binary axicon, by changing the waist of the input beam. It can further be used in material processing or as hollow optical tweezers for dielectric particles.
